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Abstract: In this paper, Caputo boundary value problems of order 3 < ¢ < 4 are investigated on the interval [0, 1].
By Guo-Krasnoselskii fixed point theorem, some criteria of existence and multiplicity of positive and decreasing solutions
are established. The main novelty of the paper lies in its capability to achieve positive solutions while the corresponding

Green’s function changes sign. Finally, two examples are provided to illustrate the application of these results.
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1. Introduction

There is currently great interest in fractional differential equations (FDEs), since these equations appear
naturally in modelling many real world processes, see [8, 23]. Many interesting works were presented for
the study of theoretical knowledge and applications of FDEs, see [5-7, 15, 17, 20, 26, 27], and the references
therein.

Boundary value problems (BVPs) for integer or fractional order differential equations with positive
solutions arise in many fields of science and engineering, see [2, 13, 24]. Therefore, the solvability of positive
solutions constitute a significant class of problems, see [12, 18, 19, 22]. By using the fixed point theorems on
cone, Bai and Lii [1] studied the existence of positive solutions for Riemann-Liouville (R-L) two-point BVPs
with nonnegative Green’s function. In fact, most of the existing papers have been written on positive solutions
are based on the condition the corresponding Green’s functions are nonnegative, see [25].

Recently, several papers have discussed on the existence of positive solutions while the Green’s function
changes sign, see [3, 4, 11, 21, 25]. In [14], Ma established some criteria of existence and nonexistence of positive
solutions for nonlinear periodic BVPs under the condition the Green’s kernel changes sign. In [16], Sun and
Zhao discussed the following BVP

u" (x) = f(x; u(x)),
u'(0) = u(1) = u"(n) =0,

where f is a given function, 1 is a given constant, the corresponding Green’s kernel may changes sign on

[0,1] x [0,1]. By iterative technique, they gave some existence results of positive solutions for such problem.
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Inspired by the above works, in present paper we deals with the follwing BVP

D ulx) = f(x,ulx)), x € 0,1], (1.1)
o' (0) =u"(0) =0, «"(n)+ A"(0) =0, u(l)—~u(0) =0, (1.2)

where CDg+ is the Caputo FD, 3 < { <4, 0 < n, A,y < 1 are constants, f : [0,1] x [0,+00) — [0, +00) is
continuous.

To the best of our knowledge, although the idea on obtaining positive solutions while the Green’s function
changes sign has been considered by some papers, very little is known on applying such idea on higher order
Caputo BVPs in the literature. We undertake this investigation in the present paper. By Guo-Krasnoselskii
fixed point theorem, for any positive integer n(n > 2), our target is to establish some criteria of existence of
at least n — 1 positive and decreasing solutions for BVP (1.1)-(1.2). The most significant feature is that the
present paper capability to achieve positive solutions while the corresponding Green’s function changes sign.

The present paper is organized as follows. In Section 2, some useful definitions are introduced, and some
lemmas are proved. In Section 3, some sufficient conditions for the existence of positive and decreasing solutions

are derived. Section 4 presents some experiments to explain the results. In Section 5, the conclusion is given.

2. Preliminaries
Definition 2.1 [8] Let { > 0. Then the R-L fractional integral is

15, £(0) = %c) /0 - T (e,

Definition 2.2 [8] Let { > 0. Then the Caputo FD is

n X _ \n—C-—1 n—
“Df, f(x) = din/o (Xp(s)_o(f(@‘
k=0

1

(k)
3 (2.)

where n =[¢]+ 1 for (¢ Ng; n=( for (€ Ny, No ={0,1,---}. If f € AC™[0,1], then the Caputo FD is
X
D§, F(x) = ﬁ / (x = &)L (€)de. (2.2)

Lemma 2.3 [8] Let { > 0 and let n be given by Definition 2.2. If f € AC™[0,1], then

n—1 (k) 0
15,505,100 = 100 - Y 0
k=0 ’
Lemma 2.4 The BVP
“Dulx) =y(x), 3<¢<4, yeCo,1 (2.3)
u'(0) =u"(0) =0, u"(n) +M"(0) =0, u(l)—~u(0)=0, (2.4)
has a unique solution
1
w0 = [ Gl (25)
0



YAN et al./Turk J Math

where
G(x;€) = 91(:€) + 92(x, &) + 93(x, §),
and
1 o1
0, 0<x<¢<T,
92(x,€) = -
(X;fg) L, 0<E<y<I1,
0, §>m,
gB(X?S) =

(- x)n—-9°*
“amrey <

Proof. By Lemma 2.3, we may transfer (2.3) to the integral equation

S u®) 51
BN T T

U — * _ )61 )
) | / (x — ) Ly(€)de

k=0

Using the condition of u/(0) = «(0) = 0, it follows

According to u”'(n) + Au"(0) =0, u(l) — yu(0) = 0, we have

u”(0) = Wl_?)) /0 " - y(e)de,
u0) = ~ s / - e y(ede =0
Thus
W) = i = OO — e J (1 — O () + s [ — €y (€)dg
= Iy (91066 + 9206:) + g0, €) )y(€) ¢
= Jy GOx. O)y(©)de
Conversely, if u(y) satisfies the integral expression u(x) = [; G(x,&)y(€)d¢, then
u(x) = IS y(X) + co + c1x + eax® + esx®,
where
o = I + g S ), = ) = o =0,

(2.6)
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Since ¢ > 3, we have u"'(x) = Ig;gy(x). Thus u € C3[0,1]. By (2.1), it follows from the equality

4 _#\3—¢ u// u///
D ux) = e f e (u(€) — u(0) - w/(0)¢ - 2e? — 08 Yag

11

_&)3—¢ w!’ w
= i o Oy (I w(©) + o + ea8® —u(0) —w/(0)¢ — 402 — O )ag  (29)

Io+<Io+y( ) =y(x)

that CDé+u € C[0,1]. From the argument used in Remark 2 of [10], we deduce that u € AC%[0,1]. The

equality (2.9) also implies u(x) satisfies (2.3). Moreover, through (2.7) and (2.8), we can obtain u(y) satisfies
(2.4). Thus, u(x) is a solution of the BVP (2.3)—(2.4).

Remark 2.5 From (2.2) in Definition 2.2, we can also get the fact u(x) satisfies (2.3). Since u € AC*[0,1],
we have

D500 = rrig Jo O — P U (€)dE = by (- €)1 CulV (e
= g (O = O R + - Oy — 9w ()de)

= v S (= P (€)de = 4 g Jo (x — P CIS Py(€)de

4— -3
= L1500 = y(x)-

Remark 2.6 Let
A< (¢ —3) (2.10)
hold. Then G(x,&) given by (2.6) changes sign.

Proof. From the expression of ga(x, &) and g3(x, &), it follows that go(x,&) is increasing with respect
to x, and g3(x,§) is decreasing with respect to x for £ < 7.
For £>n,0<n<1, (x,&) €10,1] x [0,1], it implies

G(x.6) =106 + 92006 + 9506, €) = — $=55 + 92(x. €)

(1-¢<! 1=t L a-9t
< iy T 2(LE) = e T o

Since 3 < (<4, 0<~v<1, we have

—1=) T+ -7)(x—-8t  —1-8 T+ (x—&!
Ghet) < 170 D TR s B

Next, we consider the case £ <n, 0 <n <1, (x,&) €[0,1] x [0,1], we have

1—¢ 1—¢)¢ 1 (2 -1)(n—9°~
~{g + 9068 + 9518 > ~ (g + )

I V

G(x,€)

1-g)¢—t = - D(E-1)((=2)((=3)(n—&)*
= I (_((15—)@ + = 21 )

(25 -D(E-DE-2) (=) (n—§°*
1—v 2 )

IV
-

0
‘H

+
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It follows from (2.10) that

1 (C—l)(C—Q)(n—é“)C"‘) > —n?+ (-8

= * (1 —~)n2C(()

1—~ 2(1 —~)n? =0

G(x, &) >

1
RA(9)
Thus, it gets G(x,£) >0, 0 <& <n,and G(x,§) <0, n <E<1.

Lemma 2.7 Let (2.10) hold and
Ko={y € C[0,1] : y > 0 and y is decreasing on [0,1]}.
Suppose that y € Ko. Then u given by (2.5) satisfies u € Ko, and u is concave on [0,7)].

Proof. According to Lemma 2.4, we have u(y) = fol G(x,&)y(&)de. Since y(x) > 0,x € [0, 1], we get

u"(X) = sy Jo (X =€) W()dE — srii=gy Jo' (n — &) y(€)de

IN

ﬁ Jo x = O Py()de — W Jo'(n =) y(€)de
< g (S (= 9572 = 1= 9 )y(©)de — [ - Oy ()ae)
<0, x€0,7].

This shows u is concave on [0,7].

Next we will prove u € Ky. For x € [0,7], u/(x) is decreasing, then
o' (x) <u/'(0) =0. (2.11)
For x € (n,1], in view of y € Ky and (2.10), it gets

u'(X) = r Jo (= O T2Y(O)de — sy Jo (0 — )Ty (&)de

IN

=Ty Jo (S — sty Jo w(ne)de (2.12)

IN

v Jo YO — == [y y(n€)de < 0.

As a consequence of (2.11) and (2.12), we have u/(x) < 0, x € [0,1]. This shows that u(x) is decreasing on
[0,1]. Considering

(1) = (75 = 1) (et Jo 1= ©°(€)dE — w5 Jy (1= O y(€)de)
> (ﬁ - 1) (2,\1“@ 3) fo 775 dg — p(lg) fol y(f)dﬁ)
> (%5 - V(G Jo vme)de — i fy w(€)dg) = 0

we get u(x) >0, x € [0,1]. Hence u € K.
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Lemma 2.8 Let (2.10) hold and y € Ko. Then u given by (2.5) satisfies

. .
nin, (x) = 0"[Jull

here 6 € (0,7n), 0* = 1=2 = .
where 6 € (0,7) o el e [u(x)|

Proof. By Lemma 2.7, we have

n—-X _ =X

X
u(x) > u(0) + Zu(n) > u(0) = lull, x €[0,7).
n n n
Consequently, for 6 € (0,7), it gets
min_u(x) = u(8) > 2= lu]l = 6*|ju]
N T '

Lemma 2.9 [9] (Guo-Krasnoselskii fived point theorem) Let E be a Banach space and K C E be a cone.
Suppose Q1 CE and Qy CE are bounded open sets such that 0 € Q1,91 C Qa, and let T : KN (2 \ Q1) — K

be a completely continuous operator, and T satisfies either

(1) |Tu|| < |ull for ue KNoQ and ||Tull > |ju| for ve KN, or
(2) || Tul| > ||ul] for we KN and ||Tul| < |ul| for ue KNIQy.
Then T has a fived point in K N (2 \ Q1).

3. Main results

Let0<9§n—%n2<n and

K ={ue Ky: min u(x) > 0"|ul}.
x€[0,0]

)

Lemma 3.1 Let (2.10) hold. Define T : K — C[0,1] by

Tu(x) = /O G f (6, u(€))de, x € [0,1].

Assume that f satisfies
(H) f(x,u) is decreasing with respect to x, and increasing with respect to w.

Then T : K — K, and T is completely continuous.

Proof. As u € K and (H) holds, we have f(-,u(-)) € Ky. Thus, we determine that 7' : K — K via
Lemmas 2.7 and 2.8.

Next, we will use the Arzela-Ascoli theorem to testify the consequence. Here, (a) Let u, — u in K.
Then

Tun(x) = Tu(x)| < w5 Jo O = O THF (& un(€)) = F(€ u(€))]dE
+ = Jo (1= ©STH (& un(€)) — F(&,u(€))]de

A [ — 5 (& un(€)) — F(€.u(€))Ide.
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Note that f is continuous, and thus, we obtain
ITu, — Tul| = 0, n— co.

Thus, T is continuous.
(b) Let © C K be bounded. Then, for any u € £, we have

- 1 _
Tu(x)| < ﬁfox(x_g)c ldf‘*‘WL)r(g)fo (1—¢)lde+ A= 3) Jo'n—&)¢dg

-
<1+ 5 + o

where L = |f(x,u)| + 1. Hence, T is uniformly bounded.

(¢c) For any u € Q, x1,x2 € [0,1], x1 < x2, we get

(Tu(xa) ~ Tu(an)| < |ty Jo (2 — O F(E u(E))de — ey Jo (s — (6, u(©))de
+2,\F(< fo n— &) (& u(§))dE (3.1)

L ¢ _ ¢y o Oa—xdL
< ran 06 — X)) + SRy
which implies that the left-hand side of (3.1)— 0 if x1 — x2. Thus, T is equicontinuous in K.

Combining the above three steps (a), (b), (¢) with the Arzela-Ascoli theorem, we discern that T is

completely continuous.

Lemma 3.2 Let (2.10) and (H) hold. Suppose there is a number r1 > 0 such that

1
f(O Tl) Aa
where A = m > 0 is a constant. Then we have
[Tul] < flull, veKnoQ,,, (32)
with Q. = {u € C[0,1] : |lu|]| <r}.
Proof. From Remark 2.6, it gets
_ 12\ e\C—4
(1—¢)s! (= —xH=§)
0<@ = 0<
and G(x,€) <0, n<&<1. As3<(<4,0<n,v<1and (2.10) holds, for 0 <& < n, we can deduce
(=657t | (EExHm-9°*
GOe8) =P mo—+ " mres
< 2P XTMa=5 (o) m=9!

B () () B DV (o R 2AT(C—3)

2 Xt = —x) (-9
(C—1)(¢=2) 2Ar(¢-3) 2AT(C—3)

IN

== -9t
S = 93(0,8), €<,

IN
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and
(5 =X -9 m -9

G(XaS) < 2AT(¢ — 3) — 2X\['(¢-3)

Thus, for v € K N0, , we have

0<Tu(x) = Jy G E)F(E ul())d
= Jo GOGOF(E u(€)dE + [ Glx, €) £ (&, u(€))de
< Jo GO (€ ul€))de
< 1(0,u(0)) - [ 95(0,€)d¢
< f<o,n>%g_g) < JO,m)A < = ull, x € 0,1.
This shows that (3.2) holds.

Lemma 3.3 Let (2.10) and (H) hold. Suppose there is a number ro > 0 such that
T
£(0,0%r2) > EZ'

where B = f09 G(0,€)d¢. Then we have

|Tul] > ||Jull, we KnNon

T2

with Q, = {u € C[0,1] : |Jul]| < ra}.

= 93(075)7 X S 5

(3.4)

(3.5)

Proof. First, we will prove 0 < B < A. For £ < 6 < 7, it gets G(0,£) > 0 via Remark 2.6. Hence,

B > 0. As (3.3) and (3.4) hold, we have

6 0 1
B [ G0 < [ 0.0 < sr—m—g <4

Thus, B is a constant, and satisfies 0 < B < A. Next, we shall show that fel G(0,8) f(&,u(€))dE > 0. Using

the condition (H) and 0 <8 <n— %n% we have

Jo GO, F(&u(©)de = [} G(0,€)F(&w(€)dg + [ G(0,) f(€, ul€))de

() ( Jy GO0.&)de + [} G(0,€)de)

yo—1
(f S & f) b 5)Hd§)

n—6)<"* 1-6)¢
(2(1 v)/\F(C 2) - v)F(C+1)>

fum)  (¢C=DE=2)n=6)°""
> (1—7)F(C+1)( 291 (¢—3) 1) 2 0.
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Now, it remains to verify (3.5). For u € K N 9%, , it gets

ITull = Tu(0) = [y G(0,&)f (& u(€))de
= Jy G(0,6) f(& ul€))de + [, G(0,€) F(&, u(€))de
> [} G(0,€) (&, u(€))de
> f(0,u(9)) fy G(0,¢)dg
> [(6,6°r2)B > s = |ul.
Thus, (3.5) holds.

Theorem 3.4 Let (2.10) and (H) hold. Suppose that: there are two numbers r1 > 0 and ro > 0 with r1 # ra,

and 11,72 satisfy

FOm) < S, f(6,6°r2) > 2
Then the BVP (1.1)-(1.2) has at least one positive and decreasing solution u, and
r1 < lul <y (or vy <fluf < ).
Furthermore, u(x) is concave on [0,7)].
Proof. Let r;1 < ry. In view of Lemmas 3.2 and 3.3, we get
ITull < llull, e K09,

|Tul| > [Jul, ve KnNo,,.

Hence, it follows the Guo-Krasnoselskii fixed point theorem that T' has a fixed point u € K N (£,,\Q;, ), which
is a desired solution of the BVP (1.1)—(1.2).

Theorem 3.5 Let (2.10) and (H) hold. Assume that there exist three positive numbers ry,re,r3 with r; <

ro < 13, and meet one of the following conditions

FO.r) < 50 J0.0°m2) > 2, J(0.0) < (3.6)
FO.611) 2 T f0r) < 2, f(0.6°5) 2 T (3.7)

Then the BVP (1.1)~(1.2) has at least two positive and decreasing solutions uy and usz, and
r < ||U1|| < ro < ||U2|| < 3.

Proof. We only consider the case when (3.6) is satisfied, as the proof for the case (3.7) is similar. By
Lemmas 3.2 and 3.3, we get
[Tull < l[ull, we KnoQ,,,
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[Tull > ull, we KNoQ,,,

and
ITu| < |lull, we K NoQ,,.

Hence, it follows Guo-Krasnoselskii fixed point theorem that 7' has two fixed points u; € K N (Q,,\Q,,) and

uy € K N (9Q,\,), which are two desired solutions of the BVP (1.1)—(1.2).

Remark 3.6 Similar to Theorem 3.5, for any positive integer n(n > 2), we can obtain the existence of at least

n — 1 positive and decreasing solutions of the BVP (1.1)—~(1.2), where n is the number of r;,i =1,2,--+ n.

4. Examples
Example 4.1 Consider

utx
Digut0 = " 1y el

W (0) = u”(0) = 0, u"(0.5)+ 3i2u"(0) —0, u(1)—05u(0) = 0,

where ( =3.5, n =05, A=55, v =05, f(x,u) = 5% + 1 — x. Then (2.10) and (H) are satisfied.

The Green’s function G(x,&) = g1(x,€) + 92(x, &) + 930, €), (x,€) €[0,1] x [0,1], where

2
=———(1-¢)*° 1 1
gl(X?&) F(35)( 5) ) (X?g) € [07 } X [07 ]a
0, 0<x<¢&<1, 0, §>0.5,
92(x, ) = . 93(x, §) = . o
—£)2 4 16(2—x2)(0.5—&) %5
Uk, 0<e<y <, Eo 00— ¢ <05,
This shows
—2)(0.5—£)—0-5
G(x,§) = _r(;g,) (1- 5)2'5 +g2(x,§) + L Xr)(((;).g?) s
—2)(0.5_£)"0-5
> _r(§.5)(1 _ 5)2.5 + 16(2 xr)(((?;) (9]
> — 18 + ToE = 84252>0, 0<€<0.5,
and
G(x.6) =-1351 -8 +92008) +g3(x. ©)

2.5
< —ﬁ(l -+ (111(:5)5) = _r(ég))(l —£)*7 <0, 0.5<¢<1.

Thus, Remark 2.6 holds.
Next, we choose § = 0.4. Through computing, we have
n—60 1 1 64

pr="1""—-_" A= = = 72.2163,
" 5 (L=9)AL(¢ —2) I(L5)

10
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- 9 B 0.4 9 . 32( — £)705 B
B= /0 G(0,€)de = /0 ( e )25 4+ W)df — 13.9707.

Moreover, it is easy to achieve

T1 T1

= — < =
f(oa’rl) 1+ 625 =~ )

if r > 81.6507,

T2 2
3125 — B’

£(0.4,0.2 % 1r5) = 0.6 + if 7y < 8.4201.

Thus, we can choose r;1 = 82, ro = 8 in Theorem 3.4. Then the conditions of Theorem 3.4 are satisfied.

Consequently the BVP (4.1)—(4.2) has a positive and decreasing solution u satisfying

8 < lul| < 82.
Example 4.2 Consider
2
C 3.5 u(x)
D = 1-— 1 4.
O+U(X) 20861 + X5 X S [07 ]a ( 3)
1
v’ (0) =u"(0) =0, «"(0.5)+ 3—21/'(0) =0, wu(l)—0.5u(0) =0, (4.4)

where ( = 3.5, n =05, A= 35, v =05, f(x,u) = ﬁzl +1— x. Then (2.10) and (H) are satisfied, and
Remark 2.6 holds.
From Example 4.1, we get § = 0.4 and 6* = %, A =172.2163, B =13.9707. By computing, we have

0412
F(0.4,0.2%71) = 0.6 + 0200% > %, if 7, > 37322 or 11 < 8.3843,

2

"2 T2 143.9608 < 1o < 144.9075.

=1
FO,ra) =1+ 5067 <A

Thus, we can choose r1 = 8, 19 = 144, r3 = 37323 in Theorem 3.5. Then the conditions of Theorem 3.5 are

satisfied. Consequently the BVP (4.3)—(4.4) has two positive and decreasing solution wp,us, and

8 < |lur|l < 144 < ||uz]| < 37323.

5. Conclusion

In the paper, for any positive integer n(n > 2), the existence of at least n — 1 positive and decreasing solutions
for Caputo three-point BVPs are studied. The obtained solutions are also proved to be concave on [0,7n]. The
main novelty of the paper lies in obtaining positive solutions while the corresponding Green’s function changes
sign. For future work, one can discuss the positive solutions for other types of FDEs, and can also consider

much more difficult research on fractional differential systems.
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